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We investigate general interaction quenches in a Luttinger liquid described by a paired bosonic
Hamiltonian. By employing SU(1, 1) Lie algebra, the analytic expressions for the post-quench time-
evolved wavefunctions are obtained, from which the time dependent entanglement in momentum
space can be calculated. We stress that the wavefunctions, which describe time-evolved paired
states, can have different forms depending on the sets of Bogoliubov quasiparticles we use. The
correspondence between the largest entanglement eigenvalue and the wavefunction overlap in quench
dynamics is discussed, which generalizes the results in Do`ra et al. [Phys. Rev. Lett. 117, 010603
(2016)]. A numerical demonstration on an XXZ-related lattice model is presented by the exact
diagonalization method.
I. INTRODUCTION
Quantum entanglement has provided invaluable in-
sights in the study of quantum many-body systems [1, 2].
For example, entanglement entropy and entanglement
spectrum are useful tools to study phase transition,
topological order and topological states of matter [3–
6]. Suppose we partition a quantum system into two
parts, say, A and B. The entanglement entropy (EE,
also known as von Neumann entropy) is then defined as
SA = −TrAρA ln ρA, where the reduced density matrix
ρA is obtained after tracing out B part in ρ, the den-
sity matrix of the whole system, i.e., ρA = TrBρ. The
entanglement spectrum (ES) is the set of eigenvalues of
a fictitious entanglement Hamiltonian HE , with ρA writ-
ten as e−HE , so that the entanglement entropy is formally
equivalent to the thermodynamic entropy of a system de-
scribed by the Hermitian HE at ”temperature” T = 1 [5].
By definition, EE and ES depend on the chosen ba-
sis to cut the many-body Hilbert space. Up to the
present most studies predominantly focus on real or or-
bital space entanglement. It has been shown that for
many gapped systems, the energy spectrum of the edge
states and the ES obtained in this manner are equiv-
alent [7–9]. On the other hand for critical (gapless)
systems, due to the absence of an energy gap, the in-
trinsic entanglement may not be evidenced by cuttings
in real space. Accordingly a partition in momentum
space has been proposed for spin chains to study their
nonlocal orders [10]. Owing to its nonlocal nature (in
Fourier space) and inherently inhomogeneity (the sepa-
ration of energy scales even at the noninteracting level),
besides spin chains [10–13], the momentum-space entan-
glement has also been employed in the studies of Hubbard
models [14], and disordered fermionic systems [15, 16],
etc. Furthermore, from the perspective of numerical
simulations, the investigation on the characters of the
momentum-space entanglement can help to improve the
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performance and identify the most fruit-bearing appli-
cations of the (time-dependent) momentum-space den-
sity matrix renormalization group [17, 18]. For example,
there have been reports on the persistence of the entan-
glement gap (EG) in momentum space beyond the phys-
ically critical points, and the saturation of the entangle-
ment entropy in nonequilibrium dynamics [12, 16, 19].
The partition of the many-body Hilbert space with re-
spect to momenta is quite natural in the framework of the
Luttinger liquid theory [20, 21]. There the elementary
excitations are categorized into left- and right-moving
(weakly) interacting particles, and the entanglement be-
tween them can be measured by the momentum-space
entanglement. Speculations drawn from the Luttinger
liquid theory, which in many cases, are able to be carrier
out analytically, can be later validated by calculations
on miscellaneous lattice models. In the work by Do´ra
et al. [19], the authors discussed the interaction quench
in a Luttinger liquid. They made interesting observa-
tions about the correspondence in the quench dynam-
ics between the time-evolved entanglement spectrum and
the nonequilibrium characteristics. One of them is the
identity of the largest entanglement eigenvalues and the
Loschmidt echoes for the quench starting from noninter-
acting disentanglement states, which has been verified in
spin chains [19]. The results highlight the effectiveness
of the Luttinger liquid theory in one-dimensional critical
systems even in nonequilibrium situations [22, 23].
In the present study, by starting from an arbitrary in-
teracting ground state (GS), we would like to address the
quench dynamics of the Luttinger liquid in a bit of more
general setting, compared to Ref. 19. With the assis-
tance of SU(1, 1) algebra, we procure the exact expres-
sion of the time-evolved wavefunction and then obtain
the largest entanglement eigenvalue in momentum space
accordingly. We note that the correspondence raised in
Ref. 19 can also be generalized. We numerically confirm
it in the XXZ-related model [Eq. (30)], which is a lat-
tice realization of the Luttinger Hamiltonian (1). There
we find that the correspondence holds in the sense that
the largest momentum-space entanglement eigenvalue co-
incides with the overlap between the time-evolved wave-
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2function and its noninteracting GS, rather than the initial
state from which the quench starts.
The rest of the paper is organized as follows. After the
introduction of a Luttinger liquid Hamiltonian in terms
of paired bosons in Sec. II, we discuss in Sec. III the
general g0 → g quench and calculate the aftermath time-
evolved wavefunction. Various forms are obtained with
respect to vacuums of various Bogoliubov quasiparticles.
The correspondence between the wavefunction overlaps,
including the Loschmidt echo, and the largest entangle-
ment eigenvalues, is examined in Sec. IV. Numerical re-
sults on a fermionic lattice model are presented in Sec. V.
The conclusion is given in Sec. VI.
II. THE PAIRED BOSONIC HAMILTONIAN
As a description of a one-dimensional Luttinger liq-
uid, the Hamiltonian we consider here takes the following
form [19]:
H =
∑
q 6=0
ω(q)b†qbq +
g(q)
2
[
b†qb
†
−q + bqb−q
]
, (1)
where bq (b
†
q) is the annihilation (creation) operator of
a bosonic particle with momentum q. For Luttinger liq-
uids, the dispersion relation and the pairing strength are
given by [20],
ω(q) = v |q| , g(q) = g |q| . (2)
The above Hamiltonian can be diagonalized via the
Bogoliubov transformation:
(aq a
†
−q) = (bq b
†
−q)
(
u(q) v(q)
v∗(q) u∗(q)
)
, (3)
where the equality |u|2−|v|2 = 1 is required to hold such
that the usual bosonic commutations remain intact for
a-operators. For the real functions of ω(q) and g(q), u, v
can be set to be real and parameterized by θ(q) as
u(θ) = cosh(θ/2), v(θ) = sinh(θ/2), (4)
with tanh θ(q) = g(q)/ω(q) (the condition |g| < |ω| need
to be met in order to guarantee the existence of solution).
We note that with ω(q) and g(q) given by Eq. (2), θ is
actually q independent. Under the Bogoliubov transfor-
mation (4), the Hamiltonian (1) can be transformed into
noninteracting Bogoliubov quasiparticles:
H =
∑
q>0
(q)
[
a†qaq + a−qa
†
−q
]
, (5)
where (q) =
√
ω2(q)− g2(q). For simplicity, the con-
stant term −∑q>0 ωq has been dropped, compared to
the original Hamiltonian (1).
The Bogoliubov Hamiltonian (5) indicates that the
ground state (GS) of the original Hamiltonian (1) should
satisfy the condition aq|GS〉 = 0 for each q. It is easy to
verified that |GS〉 can be expressed as a pairing state of
the constituent particles as:
|GS〉 =
∏
q>0
1
|u(q)|e
− v(q)
u(q)
b†qb
†
−q |0〉, (6)
where 1/ |u(q)| serves as the normalized factor. Through-
out this paper, |0〉 is specified as the vacuum state of the
b-operator, i.e., bq|0〉 = 0.
III. THE g0 → g QUENCH
The issue we are going to address is the quench dy-
namics in terms of the pairing strength g. Starting from
the interacting (entanglement) GS with respect to some
value (nonzero) g0, we switch the interaction strength
instantly from g0 to another value g. What is the post-
quench dynamics of the system?
The quench dynamics is a popular subject in the study
of nonequilibrium physics. For essentially noninteract-
ing cases, e.g., the transverse field Ising model [24], and
some pairing models, e.g., in Refs. 25–27, exact results
and closed expressions can be obtained. For the Hamil-
tonian considered here, the explicit form of the time-
evolved wavefunction for the quench from the nonin-
teracting limit (i.e., g = 0) to a finite g has been ob-
tained, with the correspondence between the Loschmidt
echo and the entanglement in momentum space being dis-
cussed [19, 28]. In this section by utilizing the SU(1, 1)
Lie algebra, we calculate the post-quench wavefunction
for the general case of ∀ g0 → g (under the condition of
|g| < |ω|).
The GS for the pairing strength g0, denoted as |GS0〉
is already given by Eq. (6). If we set the quench moment
at t = 0, then
|Ψ(0)〉 = |GS0〉 =
√
1− λ20e−λ0b
†b† |0〉, (7)
where λ0 := v0/u0, and the Bogoliubov coefficients u0, v0
are determined by Eq. (4) for the given g0. Since in the
Hamiltonian (1), (q,−q)-pairs with distinct q (q > 0) are
indeed decoupled, for notation simplicity we would like
to drop the q-dependent labels in the formalism as long
as no misunderstanding is aroused. Here for instant, in
the right hand side of Eq. (7), b†b† is referred to as the
abbreviation of
∏
q>0 b
†
qb
†
−q.
For the quench g0 → g at t = 0, the later-time wave-
function of the system is given by |Ψ(t)〉 = U(t)|Ψ(0)〉,
with the time-evolution operator U(t) = e−iH(g)t (~ = 1).
Note that H(g) can be expressed in a diagonal form by
its corresponding Bogoliubov quasiparticles [Eq. (5)], and
consequently, U(t) = exp[−it(a†a+aa†)]. Now there are
two sets of Bogoliubov quasiparticle operators, i.e., a and
a0, corresponding to H(g0) and H(g), respectively. They
are related by a composition of two successive Bogoliubov
3transformation as (see Eq. (3)):
(a a†) = (a0 a
†
0)
(
u˜ v˜
v˜ u˜
)
, (8)
where u˜ = cosh θ˜/2, v˜ = sinh θ˜/2, and θ˜ = θ − θ0. θ and
θ0 are the parameters for the Bogoliubov transformations
for H(g) and H(g0), respectively, as shown in Eq. (4).
With the a ∼ a0 relation (8) in hand, we can write
down U(t) alternatively in terms of a0 operators:
U(t) = exK++yK−+zK0 , (9)
where we have introduced K-operators as
K0 =
1
2
[
a†0a0 + a0a
†
0
]
,
K+ = a
†
0a
†
0, K− = a0a0, (10)
and the coefficients in the exponents read
x = y = −2itu˜v˜ = −it sinh θ˜, (11a)
z = −2it (u˜2 + v˜2) = −2it cosh θ˜. (11b)
Note that the three Ks satisfy the SU(1, 1) algebra, the
dimension of whose Hermitian representations is indeed
infinite [29]:
[K0, K±] = ±K±, [K+, K−] = −2K0. (12)
By employing the results (A3) in Appendix A, the time-
evolution operator U(t) in Eq. (9) can be factorized into
a product form as
U(t) = eC+(t)K+eC0(t)K0eC−(t)K− , (13)
where particularly,
C+(t) =
−i sin(t) sinh θ˜
cos(t) + i sin(t) cosh θ˜
. (14)
Then the normalized post-quench time-evolved wave-
function in terms of the a0-Bogoliubov quasiparticles can
be written as
|Ψ(t)〉 = U(t)|Ψ(0)〉 ∼
√
1− |C+|2eC+a
†
0a
†
0 |GS0〉. (15)
Here for simplicity we have dropped the phase factor ow-
ing to the action of eC0K0 on |GS0〉, because it is not
essential in our discussions.
Alternatively if we are interested in the expression of
|Ψ(t)〉 in terms of the constituent creation (annihilation)
operator b† (b) with respect to the vacuum |0〉, we can do
that in the following way. First note that from Eq. (B7),
the GS of H(g0) can be also written as
|GS0〉 = 1√
1− λ20
e−λ0K+ |0〉, (16)
where K+ is defined in Eq. (10). Then combined with
the result in Eq. (15), we have
|Ψ(t)〉 ∼ eC+K+e−λ0K+ |0〉 = e(C+−λ0)K+ |0〉. (17)
The next step is to express the exponential term of K+ (=
a†0a
†
0) in terms of b-operators, which is done in Eq. (B5).
By replacing τ → C+ − λ0, and u → u0, v → v0 there,
we get
|Ψ(t)〉 ∼
√
1− |λ(t)|2 eλ(t)b†b† |0〉, (18)
where we have put back the normalization factor explic-
itly, and
λ(t) =
C+(t)− λ0
1− λ0C+(t) =
u0C+(t)− v0
u0 − v0C+(t) , (19)
with λ0 = v0/u0.
Up to now we have obtained two equivalent forms for
the same post-quench wavefunction: one is written in
terms of a0-operator with respect to its vacuum |GS0〉
[Eq. (15)], the other in terms of b-operator with respect
to the vacuum |0〉 [Eq. (18)].
A few comments on C+(t) could be worthwhile. First
we note that C+(t) in Eq. (14) can also be written as
C+(t) =
v˜∗(t)
u˜∗(t)
, (20)
where the definition of u˜(t) and v˜(t) can be found in
Eq. (C2), with only difference of θ being replaced by θ˜. In
particular, when g0 = 0, we have u0 = 1, v0 = 0, θ0 = 0,
which leads to θ˜ = θ, and u˜(t)→ u(t), v˜(t)→ v(t). Then
we return to the familiar case of 0→ g quench, which has
been addressed in Ref. 19 in detail. Actually Eqs. (15)
and (20) can be regarded as a direct application of the
result in 0 → g quench to the general g0 → g quench,
under the correspondence b→ a0, |0〉 → |GS0〉, together
with the representation transformation given by Eq. (8).
Secondly, we see that from Eq. (14), the quantity C+(t)
depends not only on g, but also on g0 as well, since θ˜ =
θ − θ0. On the other hand, in λ(t), the dependence of g
and g0 can be separated more explicitly. It can be easily
verified that
λ(t) =
u0v
∗(t)− v0u(t)
u0u∗(t)− v0v(t) , (21)
where u(t) and v(t) are given by Eq. (C2). They appear
as coefficients in the equation of motion of b-operator (see
Appendix C), depending solely on the Hamiltonian H(g)
after quench.
From the above analysis, we see that starting from an
arbitrary pairing state in the form (7), subject to a g-
quench in the Hamiltonian (1) (keeping |g| < |ω|), the
time-evolved wavefunction of the system still retains its
pairing form. More specifically, the coefficient in the ex-
ponential form of the pair creation operator can be deter-
mined either by Eq. (14) in terms of a0-pairing as shown
in Eq. (15), or by Eq. (19) in terms of b-pairing as shown
in Eq. (18). Actually, an observation can be made from
the derivations: for any given paired state in the form of
|Ψ〉 ∼ eλb†b† |0〉 (with b|0〉 = 0), one can equally expresses
4it as a paired state of some kind of Bogoliubov quasipar-
ticles, e.g., |Ψ〉 ∼ eCa†a† |GS〉 (with a|GS〉 = 0), and vice
versa [see Eq. (19)].
IV. LOSCHMIDT ECHO AND THE
ENTANGLEMENT IN MOMENTUM SPACE
One of the motivations of the present work for con-
sidering general g0 → g quench is to examine an in-
teresting observation made by Do´ra et al. in Ref. 19,
which has been mentioned in the Introduction. There it
has been shown that for the 0 → g quench about the
Hamiltonian (1), the largest entanglement eigenvalue in
the momentum space is always identical to the Loschmidt
echo. The observation has been confirmed in various lat-
tice models where the Luttinger liquid theory can be ap-
plied, including the prestigious XXZ model in its gapless
phase [19].
For completeness, we first make a brief account of the
correspondence with applying the results in the previous
section. For general g0 → g quench, if the Loschmidt
echo (or the return probability) is defined as the overlap
of the initial GS wavefunction and the final state wave-
function [28, 30], i.e.,
L(t) = |〈Ψ(0)|Ψ(t)〉|2 . (22)
then from the expression of |Ψ(t)〉 in Eq. (15), we have
L(t) = |〈GS0|Ψ(t)〉|2 = 1− |C+|2 , (23)
or more precisely,
∏
q>0
(
1− |C+(t; q)|2
)
if the q depen-
dence is restored. On the other hand, analogous to the
discussion in Ref. 19, it is straightforward to show that
after tracing out from |Ψ(t)〉 in Eq. (15), say, the left-
moving (q < 0) excitations with respect to |GS0〉 (repre-
sented as Bogoliubov quasiparticles related to a0(q)), we
obtain the reduced density matrix, ρA(t), whose largest
eigenvalue, denoted as P
(1)
max here, reads
P (1)max = 1− |C+(t)|2 = |u˜(t)|−2 , (24)
where u˜(t) was introduced in Eq. (20). It coincides with
L(t) in Eq. (23), i.e.,
P (1)max = L(t) = |〈Ψ(0)|Ψ(t)〉|2 . (25)
Thus, the correspondence between the Loschmidt echo
and the lowest-lying largest entanglement eigenvalue in
the momentum space is established.
However when it comes to the numerical simulation on
a lattice model, it is the Fock space of the constituent
particles that we are going to work with, whose vacuum
is the state with null occupation of these particles. It
remains open whether the low-lying entanglement spec-
trum obtained in this Fock space after tracing out the
q < 0 partition is identical to the one obtained from the
effective Hamiltonian (1). Indeed, from the results in the
previous section, we note that the reduced density matrix
ρA(t) and the subsequent entanglement spectrum can be
evaluated either by the wavefunction (15) or by (18).
We have addressed the first case so far, i.e., based on
the wavefunction (15). For the second case, i.e., based
on the wavefunction (18), the largest entanglement eigen-
value for the entanglement between the elemental exci-
tations related to the b operator reads
P (2)max = 1− |λ(t)|2 = |u0u(t) + v0v(t)|−2 , (26)
where the expressions of u(t) and v(t) (with respect to
the g value) can be found in Eq. (C2), and
P (2)max = |〈0|Ψ(t)〉|2 . (27)
The above analysis shows that in general g0 → g
quench, the identity between the Loschmidt echo defined
in Eq. (22) and the entanglement eigenvalue holds, only
when the entanglement is specified to the one between the
elementary excitations with respect to the initial state
|GS0〉, which are the Bogoliubov a0-quasiparticles here.
It is worthwhile to ask the question of which entangle-
ment being evaluated in the numerical simulations on
lattice models, and what kind of wavefunction overlap it
corresponds. We will address this issue in the next sec-
tion by examining a spinless interacting fermionic lattice
model, which is closely related to the prestigious XXZ
model.
V. NUMERICAL RESULTS
The Hamiltonian of the S = 1/2 XXZ model, which
describes the Heisenberg-type interaction between neigh-
boring 1/2-spins along a spin chain, reads
H = J
∑
j
(
Sxj+1S
x
j + S
y
j+1S
y
j
)
+ Jz
∑
j
Szj+1S
z
j , (28)
where Sαj s are spin operators at site j. The spin Hamil-
tonian can be recast via Jordan-Wigner transformation
as a system of spinless interacting fermions:
H =
J
2
∑
j
(
c†j+1cj + H.c.
)
+ Jz
∑
j
(
c†j+1cj+1 − 1/2
)(
c†jcj − 1/2
)
, (29)
With the periodic boundary condition, in the momentum
space it reads
H =
∑
k
[J cos(k)− Jz] c†kck+
Jz
N
∑
k,p,q
cos(q)c†p−qcpc
†
k+qck,
(30)
where a constant term JzN/4 (N is the lattice size) is
dropped. We see that Jz not only sets the interaction
5strength, but also plays a role of a chemical potential.
We may define a parameter ∆ := Jz/J , which measures
the strength of the uniaxial anisotropy along the z direc-
tion. In the following discussions, we set J = 1. The
energy and time are measured in units of J and J−1, re-
spectively. It is well known that the XXZ model is critical
(gapless) in the interval |∆| ≤ 1, with a spin-singlet GS.
Correspondingly, the GS of the Hamiltonian (30) in this
regime takes place at the half filling, and its low-energy
physics can be well described by the Luttinger liquid,
e.g., see Refs. [20, 31, 32].
The path from the fermionic Hamiltonian (30) (ab-
breviated as HF ) to the paired bosonic Hamiltonian (1)
(abbreviated as HB) can be established via the bosoniza-
tion technique [21]. Without going into technical de-
tails, we would like to emphasize that in the bosoniza-
tion process, the umklapp term is dropped since it is
irrelevant in the gapless phase, and the g2-term is kept
explicitly [20]. In terms of the bosonic operator bq, the
g2-term appears as the (±q)-paired terms in the Hamil-
tonian (1), and the constant quantity g in Eq. (2) is in-
deed identical to g2, i.e., g(q) = g2 |q|. The Luttinger
parameter reads K =
√
(v − g2)/(v + g2) in HB [19],
the precise value of which in the XXZ model is given by
K = pi/2[pi−arccos ∆] through Bethe ansatz. The whole
gapless regime covers 1/2 (∆ = 1) < K < ∞ (∆ = −1),
and the noninteracting point K = 1 corresponds to the
XY limit (∆ = 0).
We work directly on the interacting fermionic Hamil-
tonian (30) at half filling in momentum space by the ex-
act diagonalization (ED). The time-evolved wavefunction
|Ψ(t)〉 is obtained by the standard time-dependent Lanc-
zos method [33]. The reduced density matrix ρA(t) with
respect to |Ψ(t)〉 and the consequent entanglement spec-
trum are procured accordingly, after tracing out q < 0
part in the momentum space. The results for the quench
of (∆0 = −0.2) → (∆ = 0.4) on various lattice sizes
are presented in Fig. 1. In the main figure, the loga-
rithms of |〈0|Ψ(t)〉|2 and the largest entanglement eigen-
value Pmax(t) are shown; in the inset, a comparison with
that of |〈GS0|Ψ(t)〉|2 for N = 30 is displayed. There
|0〉 is the (noninteracting) GS at ∆ = 0, and |GS0〉 is
the GS at ∆0. The quench takes place at t = 0, with
|Ψ(0)〉 = |GS0〉. The agreements between Pmax(t) and
|〈0|Ψ(t)〉|2 holds well during the time evolution for var-
ious N . In contrast, the difference between them and
that of |〈GS0|Ψ(t)〉|2 is evident, as shown in the inset of
Fig. 1. It indicates that the Pmax we calculate in HF
is compatible with P
(2)
max in HB , as defined by Eq. (27),
rather than P
(1)
max in Eq. (25).
The above result can be understood as a natural ram-
ification of the HF ↔ HB correspondence. Let us first
take a look at the simple noninteracting case. It means
∆(:= Jz/J) = 0 in HF , or equivalently, g = 0 in HB
(K = 1). In either situation, we have interaction-free
particles with momenta as good quantum numbers. Both
ground states are disentanglement in momentum space,
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FIG. 1. (Color online) The succeeding time evolution of the
logarithms of |〈0|Ψ(t)〉|2 (symbols) and the largest entangle-
ment eigenvalue Pmax(t) (solid curves) (divided by the lattice
size N) after the quench of ∆0 = −0.2 → ∆ = 0.4 at t = 0
over the Hamiltonian (30). |0〉 is the GS without interaction,
i.e., at ∆ = 0, and Ψ(t) is the time-evolved wavefunction.
Pmax(t) is determined by the reduced density matrix ρA(t)
after tracing out the left-moving part with respect to Ψ(t).
The results for various lattice sizes are presented. The in-
set shows the comparison between Pmax(t) and two kinds of
overlap, i.e., |〈0|Ψ(t)〉|2 and |〈GS0|Ψ(t)〉|2, for N = 30, where
|GS0〉 (= |Ψ(0)〉) is the GS of the system at ∆0 = −0.2. The
deviation of |〈GS0|Ψ(t)〉|2 from the other two is clearly rec-
ognized.
with only one nonzero entanglement eigenvalue P = 1.
Secondly, as the interaction is turned on, which means
∆ 6= 0 on the fermionic side, we can expect that the en-
tanglement between the q > 0 and q < 0 partitions will
develop due to the interaction, yet it may not be easy to
write down the wavefunction explicitly to figure it out.
On the other hand, compared to the rather complicated
situation on the fermionic side, the momentum-space en-
tanglement can be much more easily identified from the
GS wavefunction of the bosonic counterpart [see Eq. (6)],
where the entanglement between (q,−q)-pairs with re-
spect to the b-operators can be readily read out.
If we agree with the effectiveness of the Luttinger liq-
uid description of HF [22, 23], we can expect that the
time evolution of the entanglement in the general ∆-
quench over HF should follow the features of its bosonic
partner, as long as the ∆ ↔ g relation is sustained.
Thus, the arbitrariness in the entanglement calculation
for the g0 → g quench in HB can be removed: we need
to stick to the b-representation consistently by consider-
ing the time-evolved wavefunction in the form of (18),
in order to make sense a comparative study with its
fermionic counterpart. Specifically, the speculation on
the relation between the time-dependent largest entan-
glement eigenvalue and the overlap of wavefunctions for
general quenches, which is drawn from the analysis on
6the bosonic case [see Eq. (27)], is ratified in this section
for the interacting fermionic lattice model.
VI. CONCLUSION
In this work, we first consider a paired bosonic model,
which serves as an effective Hamiltonian for spinless Lut-
tinger liquids. By employing the algebra of SU(1, 1), we
derive the exact form of the time-evolved wavefunction
under general interaction quenches with respect to the
pairing strength. The method we employ and the results
we obtain are quite general as long as the pairing takes
place in individual (q,−q) channels. The application to
the fermionic case is straightforward, with the SU(2) al-
gebra come across.
Based on the analytic form of the wavefunction, we re-
examine the correspondence between the entanglement
spectrum and the wavefunction overlap, including the
Loschmidt echo, under the general quench setup. We
note that for a given time-evolved post-quench quantum
state, due to the existence of different, yet equivalent ex-
pressions in terms of various Bogoliubov quasiparticles,
there is an ambiguity in measuring the entanglement of
the paired bosons. However, by working numerically on
an interacting spinless fermionic model that is closely re-
lated to the XXZ spin chain, we find that the ambiguity
can be removed if the concurrence between the fermionic
and bosonic sides is required. More specifically, we con-
firm that on the lattice model, the time-dependent largest
entanglement eigenvalue in the momentum space coin-
cides with the overlap between the time-evolved wave-
function and its noninteracting GS, rather than the ini-
tial state when the quench starts.
Before concluding this section, we would like to men-
tion that there may be some interesting issues remained
to be investigated, which are beyond our present scope.
For instance, in the numerical simulations we notice that
the correspondence we have discussed can still largely
hold even beyond the regime of the gapless phase where
the Luttinger liquid theory works well. Particularly, it
still holds up to some critical value of ∆ > 1 (e.g., around
∆ ∼ 1.6 for ∆0 = 0.5) with quench crossing through
the Berezinsky-Kosterlitz-Thouless (BKT) critical point
(∆ = 1), which separates the gapless phase from the Ising
antiferromagnetic gapped phase. In contrast, for the
quenches following the opposite direction, i.e., from the
critical phase to the gapped ferromagnetic phase through
the first-order-like critical point (∆ = −1), the behaviors
are quite different, and the correspondence quickly goes
astray. To figure out and understand the extent of valid-
ity of predictions from the Luttinger liquid theory would
be interesting.
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Appendix A: The Baker-Campbell-Hausdorff
relation
In this appendix, we show that the operator U(τ), with
the form as
U(τ) = exp [τ (xK+ + yK− + zK0)] := exp(τH), (A1)
can be expressed as
U(τ) = eC+(τ)K+eC0(τ)K0eC−(τ)K− , (A2)
where K0 and K± satisfy the SU(1, 1) Lie algebra
[Eq. (12)], and x, y, z are constants. The coefficients
in the exponents in Eq. (A2) are given by
C−(τ) =
eτyr2 − eτyr1
r2eτyr2 − r1eτyr1 , C+(τ) = r1r2C−,
(A3a)
C0(τ) = τy (r1 + r2)− 2 ln r2e
τyr2 − r1eτyr1
r2 − r1 , (A3b)
where r1,2 are the roots of a quadratic equation of t:
yt2 + zt+ x = 0. The coefficients satisfy the initial con-
dition, i.e., C+(0) = C−(0) = C0(0) = 0. Note that the
solution, though quite general, is not applicable in all
situations, e.g., it fails when r1 = r2. We will discuss a
specific example for this case in Appendix B.
Following the procedure detailed in Ref. 29, the deriva-
tion of the above result is quite straightforward. First
note that the operator U(τ) satisfies a differential equa-
tion as
(∂τU(τ))U−1(τ) = xK+ + yK− + zK0 = H.
Substituting the second form of U(τ) (A2) to the equa-
tion, and using the commutation relations of Ks, we can
obtain the differential equations for C-coefficients as
C˙+ − C˙0C+ + C˙−C2+e−C0 = x,
C˙−e−C0 = y,
C˙0 − 2C˙−C+e−C0 = z.
(A4)
The above equations, although nonlinear, can be inte-
grated analytically. For instance, the equation for C+
is
C˙+ − yC2+ − zC+ = x, (A5)
which then can be solved via the variable separation
method: dC+/(x + yC
2
+ + zC+) = dτ . If the roots of
the quadratic equation yt2 + zt + x = 0 are distinct, we
get the solution in (A3).
7Appendix B: The decomposition of exp(τa†a†)
As a simple demonstration for the Baker-Campbell-
Hausdorff relation, let us consider an exponential form
of the pair creation operators of the Bogoliubov quasi-
particles, U(τ) := exp(τa†a†). Note that a† = ub† + vb
(see Eq. (3)), we have
U(τ) = eτ(ub
†+vb)(ub†+vb) := eτH , (B1)
with
H = u2K+ + v
2K− + 2uvK0,
where the operators K, as a realization of the SU(1, 1)
Lie algebra, are given by
K0 =
1
2
(b†b+ bb†), K+ = b†b†, K− = bb. (B2)
Though we cannot apply the result in Eq. (A3) directly
since here r1 = r2 = −u/v, the coefficients can still be
solved. From Eq. (A5), we have
C˙+ = v
2C2+ + 2uvC+ + u
2 = (vC+ + u)
2.
Then
C+(τ) =
u2τ
1− uvτ , C− =
C+
r1r2
=
v2τ
1− uvτ , (B3)
and
C0 = − ln(y/C˙−) = −2 ln(1− uvτ). (B4)
Finally, we get
exp(τa†a†) = e
u2τ
1−uvτK+e−2 ln(1−uvτ)K0e
v2τ
1−uvτK− . (B5)
As an application of Eq. (B5), let us consider the GS
of the Hamiltonian (1), which, in our simplified notation,
reads
|GS〉 = 1
u
e−
v
u b
†b† |0〉. (B6)
We say that the GS can also be expressed as
|GS〉 = ue− vua†a† |0〉. (B7)
The conclusion can be verified in a straight way by means
of replacing τ in Eq. (B5) with −v/u, and using the fact
that |0〉 is the vacuum state of b, i.e., b|0〉 = 0.
At the end of the section, an additional comment might
be interesting. Note that Eq. (B7) can be rewritten as
|0〉 = 1
u
e
v
ua
†a† |GS〉. (B8)
Here we see that there is some kind of duality between
Eqs. (B6) and (B8). For the vacuum of the constituent
particles, i.e., |0〉, it can also be regarded as a kind of
pairing state of Bogoliubov quasiparticles as well, with
respect to its own vacuum state.
Appendix C: The equation of motion of b-operators
Consider the operator b in the Heisenberg picture
b(t) = eiHt b e−iHt, with H given by Eq. (1). Then
b(t) = eiHt(ua− va†)e−iHt
= ue−ita− veita† := u(t)b+ v∗(t)b†, (C1)
where
u(t) = u2e−it − v2eit = cos(t)− i sin(t) cosh θ,
v(t) = uv
(
eit − e−it) = i sin(t) sinh θ. (C2)
In the above derivation, the Hamiltonian in another form
of (5) and the Bogoliubov transformation (3) (and (4))
have been used.
We note that with u(t), v(t) defined above, the time-
evolved wavefunction for the 0 → g quench can be writ-
ten as Ψ(t) ∼ 1|u∗(t)|e
v∗(t)
u∗(t) b
†b† |0〉 [19]. It suggests that in
order to obtain |Ψ(t)〉, there could be some convenient
way through employing the time-dependent features of
b(t). This is true actually. In the following we show that
by assuming |Ψ(t)〉 = γ(t)eλ(t)b†b† |0〉, we can quickly fig-
ure out the coefficient λ(t). First from Eq. (C1), we have
b(t)|0〉 = v∗(t)b†|0〉;
On the other hand, starting from the definition of b(t),
we have
b(t)|0〉 = eiHtbe−iHt|0〉 = eiHtb
[
γ(t)eλ(t)b
†b† |0〉
]
= γeiHteλb
†b†(b+ λb†)|0〉 = eiHt(λb†)γeλb†b† |0〉
= eiHt(λb†)e−iHt|0〉 = λb†(t)|0〉 = λu∗(t)b†|0〉.
The combination of these two equations produce
λ(t) = v∗(t)/u∗(t). (C3)
Actually by using the same assumption about |Ψ(t)〉 and
same strategy, we can show that for the general g0 → g
quench, the coefficient λ(t) in the exponent is given by
λ(t) =
v∗(t)− λ0u(t)
u∗(t)− λ0v(t) , (C4)
where λ0 := v0/u0 has appeared in Eq. (7). It is iden-
tical to the result (21), which has been obtained in the
main text in a somehow intricate but rigorous way by
employing the SU(1, 1) algebra.
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